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ABSTRACT 


Attacbnent  of  a  autwarfod,  Ineonpraaalble,  two-diaeiuio  :« 1,  tur¬ 
bulent  Jet  to  an  adjacent  straight  wall  (Coanda  effect)  1*  aa^ lysed. 
Faraaetrlc  equations  axe  developed  that  predict  the  point  at  vhich  the 
Jet  attaches  as  a  function  of  wall  angle  and  offset  dista:  ce .  Coaputer 
solutions  were  obtained  for  several  sets  of  conditions.  £xp  iaents 
were  conducted  with  both  air  and  water  Jets  at  Mach  O.S  ecul  ^lentj,  and 
results  agree  well  with  corresponding  coaputer  solutlbns  vhe  i  the  Jet 
spread  paraaeter  is  also  treated  as  a  function  of  offset  dis  ^nce  and 
wall  angle.  The  equations  provide  an  analytic  aetbod^  independent  of 
the  particular  fluid,  for  predicting  the  attachaent  distance  ,  and 
should  be  helpful  in  designing  eleaents  based  on  the  Coanda  iifect; 
e.g.,  the  fluid  flip-flops  or  bistable  eleaents. 

1.  INTBODUCTIOM 

The  steady-state  deflection  and  attachaent  of  a  Jet  to  nearby 
surface  has  been  referred  to  as  the  Coanda  effect.  The  effect  with 
respect  to  two-diaensional  flow  in  of  interest  since  two-dle^'nuional 
flow  is  approxlaated  in  aany  fluid  devices  where  the  flow  is  constrained 
between  two  opposing  parallel  flat  plates,  and  the  proper  de  l^rn  of  aany 
elements  using  the  Coanda  effect  requires  a  means  for  cslcal  ting  the 
attachaent  distance  as  wall  angle  and  offset  distance  are  va  led. 

Bnrque  and  Nowaan  (ref  1)  as  well  as  Sawyer  (ref  2)  dis  c^s  the 
deflection  and  rssttschaent  of  s  two-dlaenslonal,  submerged^  x.icoa- 
presslble,  turbulent  Jet  to  an  adjacent  flat  plate,  and  develop  equa.- 
tlona  to  predict  the  attachaent  distance  as  a  function  of  the  distance 
that  the  wall  is  offset  trim  the  noszle  exit,  or,  alternative ly,  as  s 
function  of  the  angle  between  the  wall  with  zero  offset  and  -  he  axis 
of  the  nozzle.  A  study  was  Initiated  to  develop  a  more  gene  a.  expres¬ 
sion  of  attachaent  distance  as  s  function  of  both  psraaeters .  The  study 
Included  a  theoretical  analysis  and  derivation,  computer  sol  tons,  and 
teats  with  air  and  water  Jets. 

2.  raRORBTlCAL  DlVMLPaillfT 

2.1  Analytic  Base 

Tbe  C!osnds  effect,  as  dlacusaed  here,  arlsea  aa  fc:  it  vs.  A 
sufasieiged  Jet  (fig.  1)  enti^lns  fluid  by  means  of  viacoua  interaction 
between  the  aovlng  stress  and  tbs  qulsscent  surrounding  fluio.  if  a 
wall  is  located  such  that  tbs  rsplsceasnt  flew  is  impeded,  the  static 
pressure  in  the  fluid  between  the  Jet  and  wall  decreases,  and  the  pres¬ 
sure  differential  across  the  Jet  deflects  the  Jet  towards  *»11. 

Tbe  pressure  differential  is  sslf-rsinforcing  until  the  Jet  l  >  uefleeted 
far  enough  to  attach  to  the  wall.  A  bubble  of  reduced  static  pressure 
is  Inclosed  between  the  Jet  stresa  and  wall  maintaining  the  eltacfament. 


f' 


A  steady-atAte  flow  pattern  arlaea  where  the  uaa  entrained  ay  the  Jet 
from  the  huhble.  la  rdturned  to  thr  bubble  near  the  attachia  point. 

The  analytic  developaent  of  a  general  ezpreaaion  ceacribing 
the  Bteady«tate  flow  pattern  requires  the  following  assua>^  tlons: 

(a)  The  Jet  flow  is  Inconpresslble  and  two-diaier.  lonal. 

(b)  Jet  velocity  is  unllont  at  the  nozsle  exit. 

(c)  The  Jet  velocity  la  independent  of  the  radut  i  pressure 

In  the  bubble. 

(d)  The  pressure  within  the  separation  bubble  It  unlfora. 

(e)  Jet  aomentum  flux  is  conserved,  l.e.,  drag  lo  ses  due  to 

constraining  plates  are  neglected. 

(f)  The  centerline  of  the  Jet  is  a  circular  arc  l  radius  R. 

(g)  The  nozzle  width  is  snail  conpared  with  R;  &■  d  the  attach¬ 

ment-wall  length  is  long  conpared  with  the  szle  width. 

(h)  The  Jet  exhibits  turbulent  flow  after  ener^l;  g  from  the 

nozzle;  l.e.,  the  Reynolds  number  is  high. 

(i)  Changes  in  the  Jet  structure  due  to  the  cent  ‘ fugal  force 

of  curvature  are  negligible. 

2.2  Kotatlon 

Figure  1  illustratee  the  Jet  model.  The  notation  sed  in 
figure  1  and  In  the  derivation  is  as  follows: 

distance  from  attachment  wall  to  the  side  of  e  nozzle  (ft) 
jet  moisentuffl  flux  per  unit  depth  (Ibf/ft) 

stagnation  pressure  of  the  fluid  supplying  th  Jet  (IbX/ft*) 
static  pressure  of  fluid  in  bubble  (Ibf/ft^) 
static  pressure  of  fluid  surrounding  the  Jet  (.  of/ft*) 
volume  flow  (ft® /sec) 
volume  flow  at  nozzle  exit  (ft®/8ec) 

total  volume  flow  at  a  distance  s  from  the  nozxle  exit 
(ft® /sec) 

radius  of  a  theoretical  circular  arc  descrilec  by  the  Jet 
centerline  (ft) 

arbitrary  distance  along  the  Jet  centerline  I'l.  a  the  nozzle 
exit  (ft) 

distance  from  the  hypothetical  (apparent)  orig  i  of  the  Jet 
to  the  nozzle  exit. 

parameter  from  Ooertlor's  equation  lor  Jet  vole  city  profile 
(dimensionless) 


D  a 
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u  m  Jet  stream  velocity  (fps) 

U  S  uniform  Jet  stream  velocity  at  the  exit  (fpa) 

u^s  Jet  stream  velocity  at  the  centerline  (fps) 

V  a  nosEle  width  (ft) 

y  a  dlatance  from  the  Jet  centerline  to  an  arbitrary  point 
measured  on  a  line  normal  to  the  centerline  (ft) 

y 'a  distance  from  the  Jet  streamline  that  passea  through 

the  attachment  point  to  the  Jet  centerline^  mea.ared  on 
a  line  normal  to  the  centerline 

X  a  distance  from  the  attachment  point  to  the  offset  wall 
measured  along  the  attachment  wall  (ft) 

a  a  angle  between  the  attachment  wall  and  a  line  parallel  to 
the  nozzle  axis  (rad  or  deg) 

S  a  angle  between  the  Jet  centerline  and  the  attucti^at  wall 
(rad  or  deg) 

p  a  density  of  the  fluid  (Ibm/ft®) 

a  a  spread  parameter  for  a  free  turbulent  Jet  (dimensionless) 

g  a  32.2  Ibm-ft/soc-lbf 
c 


Figure  1.  ICathematical  model  of  the  attachment  of  a  two-diuen- 
sional  Jet  to  an  offset^  inclined  adjacent  wall. 
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2.3  Derivation  of  Squationa 


2.3.1  Parameter  (t) 

The  parameter  which  Is  taken  from  the  velocity- 
profile  equation  given  by  Goertler  (ref  3),  Is  derived  as  follows 
(fig.  1): 

(k>ertler  gives  the  Jet  stream  velocity  u  as  a  func¬ 
tion  of  the  distance  s  the  Jet  has  traveled,  the  distance  y  from  the 
centerline,  and  the  Jet  centerline  velocity  Uq  at  a  distance  s  from 
the  nozzle  exit,  thus, 

u  a  u  sech*  ( — ^ — )  (1) 

o  8  +  s 

o 

3Jag^  1  ^ 

U  =  -r—j - ^ 

O  4p(8  +  S^) 

where  s  is  the  distance  from  the  nozzle  exit  to  the  apparent  Jet  origin 
(the  po?nt  from  which  the  Jet  appears  to  emanate)  y  is  an  arbitrary 
distance  from  the  centerline,  a  is  the  Jet  spread  parameter,  and  J  is 
the  Jet  momentum  flm. 

The  velocity  profile  at  the  nozzle  exit  is  uniform 
(fig,  2a)  by  assumption,  A  representative  Jet  velocity  profile  at  s 
per  Goertler 's  expression  is  Illustrated  In  figure  2b. 


W/2  0  00  y '  0 


(a)  Jet  stream  velocity  profile  (b)  Jet  stream  vel  city  profile 
assumed  at  s  a  0  at  a  distanc  ;  >  0  per 

(Joertler's  e;  ■  jsslon 

Figure  2.  Jet  stream  velocity  prc  ties. 
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In  ganAral,  volnaa  flew  in  not  ooxinorvad,  but  by  aarxiniH 
tlon,  tbara  exist*  a  line  of  oonstsnt  voluae  flow  which  1«  called  the 
attachaent  atreaallne.  Ihe  attachaent  atreaallne  Is  a  diatmoe  w/2  Iroa 
the  Jet  centerline  at  the  nozxle  exit  and  a  distance  j*  froa  the  center- 
line  at  a  distance  a  froa  the  nozxle.  The  fluid  is  incoapreasible  and 
two  dlnenslonal  by  assuaptlon;  hence,  one  half  the  Jet  vol'jae  flow  is 

|oJ^udy 


To  solve  for  s  ,  one  half  the  voluae  flow  at  the  nozzle  exit  is 

first  assuBwd  ¥o  be  equal  to  one  half  the  voluae  flow  Q/2  a  >0 
using  Ooertler's  expression,  l.e.. 


^  ^  or  Ue  I  -  J^udy 


(2) 


where  w  la  the  nozzle  width  and  u  Is  the  velocity  at  the  :  zzle  exit. 
Substituting  (1)  Into  (2)  ^ 


3Jdg^ 


4p(8  +  s^) 


seeb^  ( 


w 

,  )  ‘*y  =  2 


By  Integrating  and  noting  that  tanh  0  a  0, 


fa  r7‘*^"oK„,  (  gy-  w 

4  p(s  +8  \  CT  /  Is  +  S  /  *^8  2 

oj  ^  o 


which  simplifies  to 


4  per  Vs+s/  e2 

i.  J  X  o 


(3) 


which  Is  an  expression  for  the  voluae  flow  for  half  the  stre.^  at  the 
nozzle  exit.  Since  the  Jet  aoaentua  flux  at  the  nozzle  exit  Is 

3  B  -  ,  the  noraalized  voluae  flow  for  half  the  straaa  becomes 

g  ’ 

•c 


3(s  +  s^) 

wa 


I"  -i-W  ■- 


Then  the  dlnenslonleis  paraaeter  t  is  defined  aa 


oo 

EL  tAnh  f 

cry  \ 

w 

o-“*“ 

VAIUI  1 

J 

•  ^  V 

■3«*  ”*  . 

y  -  H  U 

4  per  *2 


At  th«  nozzle  exit  8=0  and  J  = 


P“ 


then 


r3 
4  P“. 


I  ®w  a  g  *1^ 

e  o  *c{ 

4pc  J  "  “ 


w 

e  2 


which  becoaes 


ow 

^0*3 

Substituting  (7)  Into  (5)  yields 
3s  1 


ow  ^/* 


-  1 


for  the  attachment  streamline. 


<6) 


(7) 


(8) 


I 

I 

I 
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2,3.2  Attachment  Angle 


7VO  approaches  that  may  be  used  to  express  the  attach-' 
laent  angle  9  as  a  iunctlon  of  t  are  Illustrated  in  figure  4.  The  first 


Figure  4.  ICathematlcal  model  for  control-volume  ai.  i 
attachment-point  theories . 
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approach  evaluates  the  forces  (J^  and  J^)  actinf  at  the  attachaent 
point  and  assuaes  that  the  ■o]aentua'''flux  component  parallel  to  the  wall 
is  conserved,  nils  representation  of  the  attachaent  oechanlsa  will  be 
called  the  attachoent-point  oodel.  The  second  approach  considers  the 
forces  due  to  (p  acting  on  the  control  voluoe  inclosed  by  the 

centerline  of  th?*Jet;  the  attachment  vail  and  offset  vail,  shown  as 
the  shaded  region  In  figure  4.  The  two  models  considered  are  atteapts 
to  represent  the  mechanism  of  attachsient.  There  seeawd  no  reason  to 
prefer  either  model,  and  both  were  developed. 

Attachsient-Polnt  Model — An  expression  for  6  In  terms 
of  t  Is  obtained  as  follows:  Prom  figure  4  one  can  write 

Jl  -  J2  =  J  cos  e  (9) 


The  J's  can  be  written  as  integrals  of  the  form 

J  pu*dy 

Using  the  Ckiertler  equation  <1),  this  becomes 


Integrating  and  substituting  the  value  of  t  from  (4) 


00 


^2  J  ‘‘y  =  i 


00 
..  / 


since  t  3  tanh 


-2Z- 


8  +  ». 


,  tanh  0  s  0,  and  tanh  00  a  1, 


^2  =  T  ”  i  (3t'-t'®>  »  f  “  J  (3t'-t'») 


(10) 


Nov 


Jj^  =  pu*dy  a  J  pu*dy  +  pu*dy 
•00  -00  0 


Since 


and  jilnc*  u  la  ayaaatrlc 


i  a  J  pu*dy  -  ^ pa®iiy 


-oo 


Thus 


Ji  “  5  + 

•  •  f  »'•  ■  ■ 

Proceeding  an  with  J2/ 


Jj  =f +  i  <3t'  -  t'*) 


<H) 


Inaertlng  the  values  of  and  Iron  (10)  and  (11)  Into  (9) 

J  cos  9  «  J  <i  +  I  t'  -  j  t'*)  -  J<j  -  I  ^  t'®) 


and  finally 

cos  9  -  I  t"  -  (13) 

Control~Volua»e  Model— -Tix  force  equation  states  that 
the  Bosentua  flux  returned  to  the  low-pressure  region  p^  balances  the 
pressure  difference  tloes  the  area  noraul  to  the  wall.  IIiIb  can  be 
expressed  as 


J  cos  a  -  J.  as  (p^ 
I  00 


Pb>  <d  +  j)  cos  a 


(13) 


FroB  figure  4 


cos  a  a 


A 

a  -  s  -  w/a 


and  ops  9 


A 

a 


thus 


a  - 


cos  a 


^*2 


Substituting  cos  3*2  gives 


cos  9.,  «  w 

»«  -  +  a 


(14) 


u 


i 


Using  (14)  and  tbe  sppraxlaatlon  AP  ■  ~  (Justified  in  appendix  A) 
in  (13)  * 

J  cos  a  -  (J)  B  (1  -  cos  a 


which  simplifies  to 


cos  a  - 


rr  “  cos  a.- 
u 


cos  0 


Hence 


cos  0  =5  — 

«7 


(15) 


which  is  equivalent  to  (9)  with  >«  0. 


gives 


Substituting  the  value  of  J^/J  from  equation  (11) 


cos  0  s> 


J(3t'.t-)^i  1  3.,  t- 

- 5 - -2  +  4*  "T 


(16) 


As  in  (12),  cos  8  again  involves  only  y,  s,  and  a,  and  not  a.  Xqua- 
tlons  (12)  and  (16)  are  the  same  as  those  obtained  by  Borque  and 
Newman  even  though  the  wall  angle  a  has  been  considered  in  this 
derivation. 


Comparison  of  Models— Two  different  expressions  for 
cos  9  as  a  function  of  t^  have  been  derived.  In  thu  process,  two  ex¬ 
pressions  relating  (J,  ^  ^ve  occurred. 

attachment-point  model:  ^  ^ 

control-volume  model:  a  J  cos  6  (15) 

The  prixury  reason  for  this  difference  in  (9)  and  (15)  is  at  the 
difference  of  pressure  Pq,"  Pq  a  Ap  was  neglected  in  the  attachieent- 
polnt  model.  The  reaction  ox  the  stream  to  tends  to  movo  the 
attachment  point  downstream,  hence  to  increase  x.  The  effect  of  Ap 
on  the  Jet  is  to  decrease  x  by  shrinking  the  trapped  bubble.  Thus 
the  consideration  of  Ap  tends  to  reduce  the  magnitude  of  J2.  If  the 
control  volume  model  were  more  nearly  correct— as  measured  by  the 
discrepancy  between  the  theory  and  experimental  data— then  cns  might 
conclude  that  the  effect  of  Ap  tends  to  cancel  Jg.  Howev®  if  the 
attachment-point  model  agreed  more  closely  with  experiment  '  dr.ta, 
then  this  would  not  be  so. 
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lil.  •  ii  ■*  !'||5  ' 


.f 


2,3.3  Chia— try  of  Attaeb— nt 

Subatitutlnc  (7)  Into  (4) 

tnnn“^  t'  -  -2Xi 


■  * 


ow 


nwn  aolvlng  for  y*  and  subatituting  the  valu*  of  38/0w  frca  (8) 


30 


tanh 


^  “  I  [t^  -  1  +  ij 


Finally 


y'  .  jfj 


For  the  case  where  s  la  the  distance  from  the  noxzle  exit  ta  the 
aent  point ,  (fig.  4) 


a  «  R  (8  a) 

and  coabinlng  (8)  and  (18)  yields 


1 

FS-" 


1 


3R(9  4  g) 

cry 


Hence 


R  _  a  ( 1 
w  ~  3  (0  +  a) 

Again  using  figure  4 


0 


As  (R  -  S  -  ^)  cos  a  B  R  coa  0 


or 


solving  for 


O 

7 


B  cos  8 
cos  a 


D  R  ,  ,  cos  8v  1 
i  "  W  ^  ^  "a 


(17) 

attach- 

(18) 

(19) 


(20) 

IS 


Now  aubBtitutlDg  (19)  into  (20) 


D 

w 


a 

3  <0  4-  0) 


-  1) 


(1 


coi  9.  _  i 
ooa  or  2 


(21) 


This  is  tbe  first  of  the  required  persaetric  equation  it  reduces  to 
the  fora  found  Iqr  Borque  end  Newaen  as  shown  below. 

At  a  a  0,  (21)  becoaes 

?  “  &  <t^  -  1)  (1  -  cos  0)  -  I 

which  la  Borque *8  equation  (16);  and  at  a  ■  0>  it  rea  to  - 
(The  negative  sign  arises  froa  the  convention  that  pc  ive  S  Is 

directed  away  froa  the  centerline  of  the  Jet  while  pc  Ive  R  is 

directed  away  froa  the  coaaon  vertex  of  a  and  0.) 

Referring  to  figure  1, 

Xj^  =  (R  -  D  -  j)  sin  a 
»  R  sin  0 
*3  “  y  Vdln  9 
and  X  s  xi  -»■  xq  -  X3 


Conblning  these  yields 


X 

w 


<R  -  D  -  g)  sin  a 


R  sin  8 


w  sin  9 


(22) 


Substituting  (17)  and  (19)  into  (22) 

1 


-1 


O’  1  TV  «v  tanh 

w  =  ^t^  ■  ■  3F»ri 


which  is  the  second  of  the  required  paraaetrlc  equations 
value  a  3  0  is  used  (23)  reduces  to 

*  0,1  ,v_a_«  tanh'S' 

?  =  39  ®  “  3r»~s7r-9 


/^D  1>  ^ 

■^t^slna 

(23) 


If  the 


which  is  Borque 'a  equation  (17)  for  the  case,  a  >  0. 
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Taking  0=0  and  §=-4 

w  2 


X 

w 


<3 

3a 


i> 


sin  a  - 


tanh  ^ 

3t' ■  Bln  a 


vblch  is  Borque*s  equation  (23)  for  the  0  offset  case  assu 
a  3  6.  Since  —  is  ateasured  from  the  centerline,  -  4  corre 
0  offset. 


This  Bore  general  theory  is  exMcted  to  g 
curate  results  for  small  angles  when  an  offset  y  ^  ^  la  us 
separation  bubble  will  be  larger  ahd  the  assumption  that  a 
necessary. 


2,3.4  Snt  rainaent 


The  paraaeter  cr  is  a  floating  constant  th 
for  the  geometrical  spread  of  the  Jet  due  to  entrainment, 
perlaental  work  by  Reichardt  (ref  4)  estimated  the  value  c 
for  a  straight  Jet;  however,  due  to  the  curvature  in  this 
entrainment j  hence  the  value  of  u,  would  be  expected  to  be 
To  obtain  an  expression  for  the  entrained  volume  flow  In  t 
and  a,  (3)  is  required. 


J<S+S^)-j 

po 


ya 


tanh  -2L_  _ 


B 

2 


If  y  is  taken  from  0  to  co ,  then  is  equal  to  the  total 
on>  one  aide  of  the  Jet  centerline,  including  the  entralnc 


Thus 


or 


Ll 

LI 


J(8+8  )  ^* 

- tanh  (oo) 

per  J 

JCb+Sq)  ^  ^ 

pa  J  “  2 


2 


and  since 


J  =  p  uj  w 


(24  becomes 


2 


ihg 

ponds  to 


ve  more  ac~ 
d,  since  the 
3  0  la  not 


t  accounts 
Previous  ex- 
a  as  7.67 
tse,  the 
different, 
rms  of  8 


jluae  flow 
flow. 


(24) 


(26) 
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Since 


from  (2) 


% 

2 


u  w 
e 

2 


and  defining 


V 


Se 


and  substituting  Into  (26) 


wa 


(26) 


Tbs  entrained  flow,  l.e.,  the  excess  over  the  flow  at  the  nozzle 
exit  is  0^  -  and  Is  normalized  as 


S-  «>e 
9e 


=  q'  -  1 


At  the  origin  ^  ■  Q- 
rewritlng  (26)  Is 


so  that  the  entrained  flow  is  zeio, 
i/a 


r  34s  +  s^) 

r  WCT 


- 1 


Hence 


(27) 


yields  an  expression  for  the  normalized  entrained  volut  a  flow  in 
terms  of  s  and  a.  The  value  of  q'  varies  directly  as  ty  the  distance 
the  stream  travels,  and  inversely  as  cr,  the  spread  pa -^aeter  and  w, 
the  nozzle  width.  It  also  must  be  true  that  the  entrained  flow  varies 
directly  as  the  separation  bubble  size,  since  the  bubbla  size  also 
varies  with  s  and  a.  The  separation  bubble  size,  hence  the  entrain¬ 
ment,  is  determined  by  D/w  and  a.  If  the  entrained  flov  is  determined 
by  s/a,  then  D/w  and  a  must  affect  the  distance  s  and  the  spread  param¬ 
eter  a. 


2.4  Computation 


It  was  not  possible  to  obtain  an  explicit  ex:  *088100  for  x/w 
as  a  function  of  a  and  D/w  in  a  form  that  could  be  usef  lor  computation. 
Instead,  parametric  equations  were  derived  and  the  att«  ?hjBent  distance 
was  computed  indirectly. 

First  (12)  and  (16)  give  two  different  expre^:  ilons  for  cos  6 
In  terms  of  the  parameter  t*  and  will  be  referred  to  ai  the  point  and 
the  volume  equations,  respectively.  Second,  (21)  alio  i  the  computation 
of  D/w,  the  offset  distance,  in  terms  of  t',  a,  and  a.  finally  (23) 
permits  the  computation  of  xA  in  terms  of  the  same  qu  a  Uies.  For  each 
selected  value  of  a  and  a,  a  range  of  values  for  t'  wot  ^  selected,  so 
that  9  was  less  than  90  deg.  This  required  preliminary  computations  to 
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datarnin*  th*  raage  for  t',  alnc*  the  ranga  dlf farad  for 
volune  aquatlona  and  for  aach  valua  of  a  and  a  uaad.  Whe  . 
warn  detemlnad,  the  valuea  of  S,  R/a,  y/w,  D/w,  x/w  ware  . 
snail  intervale  on  each  of  the  eelactad'  a  values  and  for  * 
&S  deg.  An  azaaple  of  euoh  a  page  of  conputatlons ,  which 
an  IBU  7090  cwputar^  Is  Included  as  table  I.  For  each  a 
the  x/w  that  corresponded  to  D/v  ■  0,  2^  4,  10  was  found  1. 
The  results  are  Ihovn  In  Table  II.  This  operation  was  re  . 
resulting  points  plotted  and  oonnaoted  for  each  of  the  D/ 
a  s  0  to  55  deg.  Xach  page  corresponds  to  a  valua  of  a  r 
addition  to  the  faally  of  four  theoretical  curves^  the  er 
points.  Figures  11  through  17  present  the  f sallies  of  cu 
the  range  1  to  15  for  the  control-voluae  nodel;  and  flgur 
21  present  the  fanllles  for  values  of  a  s  15,  20,  25,  30 
aent-polnt  aodel. 


,  oi’  t  and 

'  ranges 

1  at 

•  t  •  ‘  •  f 

''une  on  - 

>  condition, 
i< '  ^  polation. 
id  the 
lor 
-8,  in 
1  data 
CT  In 
-  ugh 
*tach- 


Table  I.  Sample  Computer  Print-out  Sheet,  a  =  2, 


y 

toie 

SIMO 

• 

Jl/w 

,/w 

l.400aQOOC«Ql 

4 

04115111-01 

7.1*744254-01 

5.2t2O707C 

01 

5.4172266E 

01 

4.T133562E 

00 

1  .  HI 

-  *  !1£  Ot 

u«ioooodc-ai 

4 

10975001-01 

7. 11410074-01 

5.25451264 

01 

5.2U1B47E 

01 

4.5079)18; 

DO 

1.23'. 

•HE  01 

1.11000 OOE-Ql 

4 

175U9tC-01 

7.44551944-01 

5.l**55t1C 

01 

2.97641541 

01 

4.2550655! 

00 

1.05C 

1  H67E  01 

1.41000001-01 

4 

240l54SE-at 

7.41555954-01 

5.15*50944 

01 

2.5910613! 

01 

4.0297607! 

00 

9.24C 

■  •  tit  01 

1.14eOQOO(-OI 

4 

30437041-01 

?. 7*077904-01 

5.01050544 

01 

2. 5474611! 

01 

5.6iT?3)l! 

OO 

3.1  7C 

S776E  01 

i.tsooooo€-ai 

4 

57147041-01 

7.70725704-01 

5.0411212S 

01 

2.1574094! 

01 

5.44590Oie 

00 

7,75t 

^75C  01 

t.0400000C-01 

4 

4347445E-01 

7. *5711254-01 

4.11554114 

01 

1.156024)! 

01 

3.4305)77! 

00 

6.46^ 

1 496!  01 

2.03COO0OE-01 

4 

5015l45f-Qt 

7«5171450f-0t 

4.14446244 

01 

1.74755114 

01 

5.3503)29! 

00 

5.  n  : 

9217!  00 

4 

94417141-01 

1.54225)44-01 

4.4157754( 

01 

1.45794004 

01 

3.19)0779! 

00 

5 , ;  M 

i 

9r)2E  00 

2.201^me-01 

4 

4505157C-01 

7.445T3744-01 

4.44*71474 

01 

1.5549071! 

01 

3.06711)9! 

00 

4.67' 

‘5t  00 

i.Moooooe-oi 

4 

4145I74C-Qt 

7.42441414-01 

4.7*74*141 

01 

1.4254730! 

01 

2.*51.'14IU 

00 

I  .  146  00 

2.)000000(-0l 

4 

75417011-01 

7.57051104-01 

4.74401974 

01 

1.5271249C 

01 

2.9444094! 

00 

).i: 

'OTOC  00 

4 

47144741-01 

T. 51177914-01 

4. *1454144 

01 

1.2405065! 

01 

2.7454106! 

00 

3127!  00 

4 

tl5Q4)4C-0t 

7.25250314-01 

4.444IU7C 

01 

1.1619453! 

01 

2.6535206! 

00 

7.  i  1 

/'.HElt  00 

J.4ltM14S-01 

4 

147147U-01 

7. 117.04174-01 

4.51415144 

01 

1.09079)7! 

01 

2.5690704! 

00 

2  .  «  i ' 

OU 

t.T4mMC«01 

0105074C-01 

7.1IUU44-01 

4.544U06E 

01 

1.0265175! 

01 

2.4312355! 

00 

2 . 5  '> 

n-io!  00 

1.IS1«0<U-01 

1 

07775424-01 

7.06940Ut-Ol 

4.414*6492 

01 

9.4711111! 

00 

2.4137703! 

00 

2  .  J  J 

‘  .  7L  03 

a.mtmc-oi 

1 

13441554-01 

1.00414}«6-01 

4. 44921114 

01 

9.14)7125! 

00 

2.34)1912! 

00 

2.  . 

•b!  00 

7 

19414044-01 

*.14)742)4-01 

4.5977S4U 

01 

9.6547523! 

00 

2.2715461! 

00 

)!  00 

t.lOlMISE-01 

7 

25771944-01 

4.17979704-01 

4.54709644 

01 

9.206)402! 

00 

2.2170443! 

00 

'.t  00 

7 

51407944-01 

*.11510974-01 

4.21*19174 

01 

7.79)49)1! 

00 

7.1591609! 

00 

1  . 

n  00 

7 

57447174-01 

*,749*7t)E-Ol 

4.245tiibf 

0) 

7.4)297451 

00 

7.1046020! 

00 

1  .  ' 

7!  Od 

S.)r«9949E-0l 

7 

4)146)44-01 

4.44350441-01 

4.19400544 

01 

7.061)016! 

00 

2.05)1076! 

00 

1 .  J 

'6!  00 

J.441«»199£-0l 

49404504-01 

4.41459444-01 

4.142*7)44 

01 

6.7)35709! 

00 

7.0044403! 

00 

1 .  i  •• 

00 

1.15991991-01 

7 

S572044E-01 

4.54099)14-01 

4. 01117944 

01 

6.45)7451! 

00 

1 .931)9051 

00 

i 

■  :(  00 

l,4491999E''0l 

41511J9E-01 

4.44055404-01 

4.05155054 

01 

6.152092)4 

00 

1.1147673! 

00 

9.i. 

1 

l!  00 

S« 75919991-01 

T 

47421544-01 

4.41  U2I2I-01 

3.19772444 

01 

5.990)424! 

00 

1.3734001E 

00 

t  .  !i  '■ 

'!-0l 

1.17919911-01 

7 

752Q45U-01 

4.54154794-01 

5.15976222 

01 

5.9656509! 

00 

Ul)41)}9( 

00 

7. 

?F,-0l 

I.1191199E-01 

7 

74940914-01 

4.27Q97314-01 

3.M)64474 

01 

9,*l7C6l!<f 

00 

UT969231; 

00 

6.  ' 

i  • 

-l-OL 

4.0091199C-01 

44429414-01 

4. 11144124-01 

>..>l3r06( 

01 

5.20)0)961 

00 

1.7613411! 

DO 

6.: 

5f 

I’E-Ol 

4.09919911-01 

10741754-01 

4.127511)4-01 

3.77414204 

01 

5.00225991 

00 

U77T5377! 

90 

3.' 

3 

n  -01 

4. 1I99191C-91 

T 

15459174-Ql 

4.05440724-01 

5.T26959T2 

01 

4.91349194 

00 

1.6954)5)! 

00 

4.  .  . 

■t-Ol 

4«2191991£-01 

• 

01311504-01 

5.14U1T2C-01 

5.*73*207€ 

01 

4.4)4)419! 

00 

1.4447945E 

00 

4  .  -■ 

{-02 

4.549199IE-01 

$ 

04144434-01 

5.10704)4E-0l 

3.62072474 

01 

4.4697997! 

00 

1.6)55745! 

Co 

3. 

t  -01 

4.4911919E-01 

1 

17)29454-01 

i«i52ioioe-oi 

1.9* 7*1244 

01 

4.)ll7691i 

00 

1.6074999! 

00 

). 

t-Ol 

4.541191lt-0| 

17700904-01 

5.7544) 344-01 

1.91441521 

01 

6.161019U 

00 

1.5110199! 

00 

2. 

•  l-Ol 

4.419191l(-ai 

2S02544C>01 

5.44Q04224-01 

3.4411)0)4 

01 

4.0723979! 

00 

1.5356774! 

00 

2.  . 

{-01 

4.TI99191E-0I 

24794054-01 

5.«92l>«Te-Ol 

3.407*2514 

01 

). 911)0154 

00 

1.5)14001! 

30 

1 . : 

l-Gl 

4.il9999l£-0l 

9 

3)504944-01 

5.52S120U-01 

3.35514444 

01 

3.76)210)! 

00 

1.9011992! 

oc 

1.2 

l-Ol 

4*101999li-01 

• 

)I45710€-01 

9«4449940e-Ol 

5.50015224 

01 

3.44540 771 

00 

1.4160211! 

00 

1.  ’ 

?-oi 

4«1t9999l6-01 

• 

4)749914-01 

5.547)«404-01 

5.24*19694 

01 

3.5300417! 

00 

1.4443164! 

DO 

5.  . 

■f-oi 

1 

4471112C-01 

5.24745094-01 

5.11204*04 

01 

1.42717591 

00 

1.4445)97! 

00 

1  .  ‘ 

t-Jl 

«.l191911i-0l 

5)757034-01 

5.20*799)4-01 

5.15771924 

01 

3.3114515! 

00 

1.4231498! 

00 

-U-  .  . 

- 

'  00 

5.2491197e-0l 

54459144-01 

f«l294999(-0l 

5.04557444 

01 

5.2217047! 

00 

1.4066049! 

00 

-4  .  '  ' 

^  00 

5.55111111-01 

• 

*5507)14-01 

5.04344974-01 

5.02471474 

01 

3.7295443C 

00 

1.334977)! 

00 

-7. 

00 

S«4411914C-01 

4I2I0374-01 

4.14Q7399C-01 

2.17407004 

01 

3.03161461 

00 

1.3T191747 

00 

-9,  • 

30 

The  numbers 
plied  by  a 


on  this  page  are  to  be  interpreted  as  whole 
power  of  ten;  thus  4 .09999982-01  Is  read  .4 
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X  - 

Table  II.  Interpolated  values  of  —  and  9  for  sol  c;!  - 


D/w 

x/w 

0. 

-9.69ig063E- 

•01 

3.162e 

^  F 

l.OOOOOOOE 

00 

1.0929889E 

00 

4.056  i 

r: 

1 

2.0000000E 

00 

2,8548701E 

OG 

4.417 

1 

4.0000000E 

00 

6.2584630E 

00 

4.7725 

1 

6.0000000E 

00 

9.6303045E 

00 

4.9605 

.  u 

0  1 

8.0000000E 

00 

1.2990519E 

01 

5.0818 

■  E 

cl 

l.OOOOOOOE 

01 

1.6368838E 

01 

5.1684 

lE 

.  1 

3.  EXPERIMENTAL  PROGRAM 


Experiments  were  conducted  with  both  air  and  wate 
the  attachment  distance  as  a  function  of  offset  distant 
The  test  models  were  designed  to  obtain  essentially  tw^ 
compressible  turbulent  flow. 

The  test  with  a  Mach  0.5  air  Jet  was  conducted  wl 
of  0,  2f  4f  and  10  nozzle  widths;  the  wall  an^le  was  1 
crements  from  0  to  S3  deg  for  each  offset.  Tests  with 
lated  Mach  0.5)  were  conducted  with  offset  distances  c 
widths;  and  the  wall  angle  was  moved  In  2-deg  Incremen: 
or  less  for  each  offset.  The  attachment  distances  for 
computer  solutions  of  the  parametric  equations  for  varlc 
spread  parameter  a  are  plotted  in  figures  11  through  21 

3.1  Air-Jet  Test  Model 


Ihe  test  model  used  in  alr-Jet  tests  is  show 
nozzle  aspect  ratio  (nozzle  height  to  width)  is  8^  whi 
factory  approximation  of  two-dimensional  flow,  particul 
measurements  are  made  halfway  between  the  constraining 

The  nozzle  Is  1/32-in.  wide;  the  attachment  v 
widths  long,  and  can  be  rotated  through  60  deg  and  offe 
nozzle  widths. 


determine 
11  angle 
n  onal  in- 


dlstances 
5-deg  in- 
r  jet  (slmu- 
,  \L  4  nozzle 
to  40  deg 
and  for 
vu'„es  of  the 


5.  The 
satis- 
'  the 


0  nozzle 
as  10 


The  attachment  point  is  the  location  on  the  all 

where  the  stream  divides,  so  that  all  fluid  on  one  Bid  ^  the  bub¬ 
ble  and  all  fluid  on  the  opposite  side  continues  along  Along 

the  surface  of  the  wall,  the  dynamic  pressure  vector  is  irection 

of  the  stream  beyond  the  attachment  point,  but  back  tov  zzle  within 

the  inclosed  bubble.  Therefore,  the  point  on  the  surfc  wall  at 

which  the  total  dynamic  pressure  goes  through  a  null  sb  good 
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JIT  rtow 


4TTACHMINT  WALL 

Figure  6.  Isometric  view  of  experimental  alr-J«t  -a  :nt. 


ai 


•■timate  of  the  attacbaent  point.  To  detexalne  the  locat  on  of  the 
null,  a  single,  0.022-in.  o.d.,  0.012-in,  i.d.  pitot  tube  was  placed 
parallel  to  the  npssle  axia  and  aoved  along  the  attaebaen  wall  with 
the  pitot  probe  bent  slightly  to  follow  the  wall.  Ibe  pi  ot  was  nounted 
on  a  calibrated  Jeweler's  three-slide  rest  which  measure^  tha  distance 
along  the  wall,  with  height  adjustnent  waintained  halfway  tween  the 
constraining  plates  as  shown  in  figure  6.  Ibe  point  at  >  .ch  the  dynaaic 
pressure  went  through  aero  was  recorded  as  the  attachioent  point.  Ibe 
data  obtained  are  plotted  as  open  sysbols  on  figures  11  "1.  This 

■ethod  was  used  In  preference  to  static  probes,  which  wo;  '  have  required 
Bovlng  for  each  test. 


The  output  of  the  pitot  was  fed  to  a  pressure-' 
ducer,  aapllfled,  and  readout  on  an  x-y  recorder.  This 
extremely  sensitive  arrangement  and  a  few  thousandths  of 
movement  was  readily  detectable  on  the  recorder.  When  t; 
bubble  was  very  small,  as  In  the  case  of  zero  offset  and 
blllty  due  to  the  probe  size  was  encountered.  When  a  wa 
deg  at  zero  offset,  the  width  of  the  bubble  was  less  than 
eter,  and  the  attachstent  point  could  not  be  located. 


ritage  trans- 
to  be  an 
ich  of  pitot 
1 1  achment 
-1  a,  Insta- 
!  t  ban  25 
il  j  probe  diam- 


An  Inherent  error  is  associated  with  this  meth 
because  the  pitot  opening  is  not  a  true  point,  and  the 
attaching  Jet  stream  makes  with  the  wall,  changes. 


oasureaent, 
^  which  the 


Figure  7.  Errors  in  measuring  attachment  dla 


The  pitot  tube  has  an  opening  of  about  1/3  nozzle  width  an 
average  the  high  and  low  pressures.  The  smaller  the  azigl. 
will  be  the  averaging,  which  will  tend  to  give  an  apparen 
than  the  actual  value.  This  effect  will  decrease  to  a  mix. 
attachment  angle  approaches  90  deg,  as  seen  from  figure  7. 


t^nds  to 

<  ae  greater 
,  .ater  x/w 
n  as  the 
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Ficure  8.  Univeralty  of  Haryland  water  table. 


3.2  Water-Jet  Teat  Modal 

Figures  8,  9,  and  10  Illustrate  the  water  ta:.  used  in  these 
experiments,  which  were  conducted*  at  the  university  of  ry land  Wind 

Tunnel  Operations  Department  (ref  3).  The  water  table  1  22  ft  long 

and  30  In.  Wide.  The  water  flow  was  gradually  channeled  Iron  the  30-in. 
I  wide  stagnation  region  to  the 

^  nozzle  throat,  which  was  0.5 

in.  wide.  An  estimate  of  the 
simulated  Mach  number  on  the 
water  table,  provided  by  the 
University  (ref  6),  is  Mach 
number  =  [2(dQ-d)/d]^  where 
dg  =  stagnation  region  depth, 
ds  depth  at  nozzle  exit.  Wa¬ 
ter  depth  readings  were  ree 
corded  at  the  nozzle  exit  and 
stagnation  region;  the  simula¬ 
ted  Mach  number  used  was  0.5 

Ibe  distance  along  the  at¬ 
tachment  wall  was  measured  by 
introducing  a  dye  and  noting 
the  point  of  stagnation  on  the 
wall .  The  dye  was  introduced 


Figure  9.  University  ..ui-yland  Wa¬ 
ter  table,  Mathematli,.  model  super¬ 
imposed. 

via  a  small  probe  placed  ;  .undicular  to 
the  water  table  and  adjace  .  to  the  at¬ 
tachment  wall.  The  water  t  d“^a  are 
plotted  as  solid  symbols  o  i  >  s  11 
through  21,  Offsets  of  0,  .  J  i  nozzle 

widths  were  used,  and,  for  .  fset, 

the  attachment  wall  was  movt'  !  ut  2-deg  in¬ 
crements  as  far  as  the  tabl  ^th  would 
permit.  With  the  geometry  on,  It 

was  impossible  to  Increase  e  ,le  a  to 
greater  than  40-deg,  and  e  wall 

was  only  25  nozzle  widths  '  ‘ucing 

Figure  10.  Schematic  of  ex-  it  further  to  obtain  great  was 

perimental  water  table.  not  considered. 

♦Contract  DA-49-186-502-ORD-913 
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3.3  Co«p»rlBon  of  teBults 


The  attachMnt-polnt  equations  give  satisfactory  ^.^reeaent 
with  the  experlBental  results  for  offset  distances  of  0,  2,  and  4 
noxzle  widths  at  values  of  a  less  than  40  deg  using  a  »  15  tad  a  a  20 
(fig.  18^  19).  Agreeaent  Is  poor  for  other  values  of  a  and  for  an 
offset  distance  of  10  nozzle  widths  and  does  not  appear  to  Improve 
for  other  values  of  o. 

The  control-volune  coaputatlons  agree  with  the  ex^arlnental 
results,  but  a  single  value  of  a  does  not  fit  for  all  conditions.  If 
It  Is  assuned  that  the  value  of  a  for  which  the  data  and  tht  >ry  agree 
Is  the  effective  a  for  the  particular  D/w  and  a,  then  the  fc  lowing 
observations  can  be  aade  by  examining  figures  11  through  17 :  as  a  in¬ 
creases,  the  value  of  a  decreases,  and  as  D/w  Increases, the  -nlue  of  a 
decreases.  The  relations  can  be  very  crudely  estimated  as  ihown  in 
the  chart -below. 


Approximate  values  of  <j  for  combinations  of  a  a;  L/w 


v< 

'w 

0 

10 

20 

r  ~ 

30 

40 

0 

12 

10 

8 

6 

2 

12 

10 

8 

6 

4 

4 

10 

8 

6 

4 

2 

10 

2.5 

1 

I 

1 

1 

These  resu),ts  are  consistent  with  the  development  given  in  uc.  2.3.4; 
l.e.,  cr  is  a  function  of  dA  and  a  hence  of  bubble jslze. 

The  width  of  the  water  table  severely  limits  the  wall  length 
and  the  angle  oc  through  which  it  may  turn.  For  the  data  available,  it 
Is  noted  that  the  theoretical  control-volume  computations  f  •  c"  =  7 
and  8  (fig.  14,  15)  show  excellent  agreement  with  the  data  r  D/v  = 

0,  2,  and  4  nozzle  widths  over  the  range  of  possible  values  f  a.  The 
computations  of  a  =  6  agree  better  with  the  D/w  -  4.  The  t  '^mtlcal 
attachment-point  computations  agree  closely  with  the  data  ft  i  /w  »  0 
using  a  a  a  15  and  for  DA  »  2  and  4  using  a  a  =  20. 

The  water  and  air  jet  results  show  excellent  agree  ont  over 
the  entire  range.  Since  two  different  fluids,  two  different  vices, 
and  two  different  methods  of  measuring  the  attachment  were  by  two. 

Independent  sets  of  experimenters,  the  excellent  agreement  r>  iiarkable. 

4 .  SUMMARY 


Equations  were  developed  that  predict  the  attachment  d.^itance  x/m 
in  terms  of  offset  O  and  wall  angle  a  for  a  two-dimensional  incompressible 
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turbulent  Jet.  Tlw  expreaelons  are  obtained  In  teras 
which  la  defined  aa 


t  =  tanh  [c7y/(s+8^)] 

where  y  la  the  distance  from  the  centerline,  a  is  the  c  i< 
has  traveled,  and  a  Is  a  spread  paraaeter.  Using  two  t  , 
preaaloha  for  the  attachment  angle  8  were  derived. 


3  t 

attachawnt-polnt  model  cos  8s  — - ^ 

2  2 

control-rvolume  model  cos  0  =  4  +  - ^ 

2  4  4 


Introducing  the  geometry,  the  parametric  expressions  ft 
developed  are 


D  _  a 
w  ~  3(04a) 


-  1)  (1 


cos  6  V  _  i 
cos  Q(  2 


and 


« 

Computations  were  performed  using 
several  values  of  a. 


+  sin  9} 


tanh 


3t'“  sin  0 
both  expressions  for 


Experiments  were  carried  out  on  an  alrjet  model  u£- 
to  determine  the  attachment  point  for  values  of  D/w  =  C 
a  =  0,  5,..,,  85  deg.  Similar  experiments  on  the  water 
for  D/w  =  0,  2,  4,  and  a  =  0,  2,  4,  .,,,  40  deg.  In  be 
curves  of  x/w  versus  a  formed  distinct  families  that  lo 
hyperbolas  with  the  D/w  determining  the  location  of  tlm 
the  a  designating  the  position  on  the  horizontal  axis, 
water  Jet  results  show  excellent  agreement  with  the  con 
computations  for  a  =  8  for  D/w  =0,  2,  and  4  over  the  c 
of  wall  angles.  The  computed  value  of  x/w  for  alrjets 
control -volume  model  agree  with  the  experimentally  detc 
is  allowed  to  change  Inversely  as  DA  ^ud  a.  This  is  r 
entrainment  varies  inversely  as  <j  (27),  hence  entralnme 
as  DA  and  (X.  Computations  based  on  the  attachment-pol 
values  of  a  =  18,  and  a  =  20  and  for  0,  2,  and  4  nozzle 
range  of  0  to  35  deg  agree  with  test  data. 


5.  CONClJUaiOWB 

The  equations  developed  in  this  report  show  good  a 
data  obtained  from  water  and  airjet  experimental  data  i 
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paraaeter  is  allowed  to  vary.  The  computations  basei 
voluae  Bodel  shawed  the  effective  a  was  inversely  prc 
D/V  and  a.  Th9  variation  In  a  is  consistent  with  tbt. 
trained  aass  flow  Is  Inversely  related  to  a.  Using  t 
point  Bodel,  the  effective  c  appears  to  be  directly  r  ec. 
to  a.  Ibis  Bodel  neglects  the  effect  of  bubble  preac  h.. 
control  volume  model  is  the  preferred  analytical  repi  '> 
theoretical  develoiMient  requires  a  number  of  assumpti 
Jet  profile  equation  Is  used,  which  assiuaes  that  the 
that  of  a  free  Jet  and  is  constant.  In  this  report  t 
the  spread  parameter  is  treated  as  a  floating  consta: 
uated  by  comparison  with  the  experimental  data.  Furt 
lead  to  the  development  of  equations  in  which  a  is  a 
and  a  or  of  other  parameters  of  known  value. 
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APPIMDIX  A.  Derivation  of  R  ■  J/Ap 


Ibis  equation  can  be  arrived  at  using  the  vel 
R  cu  -  V/H 


Writing 

tiormal  acceleration  m 


pressure  drop  ♦  area 
density  *  volume 


as 


a 

n 


-  Pb> 

p  A  w 


A 


pw 


Substitute  Into  above 

R  ^  ^ 

R»  PW 

Siopllfy 

1  _  Ap 

R  "  pw  V* 

Since 

2  (P^  “'Poo>  *  *  PV®*  ”  J 

R.£LiL^-i- 
■  Ap  Ap 

a  nomal  acceleration  (It/sec^) 
n 

A  area  at  the  Jet  centerline  (ft*) 

R  radius  of  the  Jet  curvature  (ft) 

V  linear  velocity  of  the  Jet  (ft/sec) 
w  Jet  width  (ft) 
p  Jet  density  (Ibm/ft*) 

(U  Jet  angular  velocity  (rad/sec) 


lations 
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